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Abstract
In present paper, we investigated the quantization of an electromagnetic field in the background
of static spherically symmetric d-dimensional spacetime in the Boulware vacuum. We have also
calculated the response rate of a static charge outside both d-dimensional Schwarzschild black
hole and the Gauss-Bonnet black hole in the low-frequency regime, which can be expressed as the
summation of hypergeometric functions.
PACS numbers: 04.70.Dy, 04.62.+v, 04.50.Gh
∗ yueruihong@nbu.edu.cn
1
I. INTRODUCTION
At present it is believed that the study of quantum field theory in curved spacetime can
provide some insights into quantum gravity effects, while the full theory is not available. An
important prediction in this field is the thermal evaporation of black hole [1]. This nontrivial
effect was soon realized to be closely associated with the existence of an event horizon in
Schwarzschild spacetime. One of the difficulties in studying fields in Schwarzschild [2] and
other black hole spacetime, even when the fields are non-interacting, stems from the fact that
the solutions to the field equations are functions whose properties are not well known. In
the low-frequency regime, however, the situation is much simpler and the mode functions of
the massless scalar field are well known [3]. Recently, Crispino et al. [4] suggested a scheme
to quantize the free quantum electrodynamics in static spherically symmetric d-dimensional
spacetime and gave out the response rate of a static charge outside the four-dimensional
Schwarzschild black hole.
Following the advent of string theory, extra dimensions were promoted from an interest-
ing curiosity to a theoretical necessity since superstring theory requires a ten-dimensional
spacetime to be consistent from a quantum point of view ([5]-[8]). Among the higher cur-
vature gravities, the most extensively studied theory is the so-called Gauss-Bonnet gravity
([9] -[15]), which naturally emerges when we want to generalize Einstein’s theory in higher
dimensions by keeping all characteristics of usual general relativity excepting the linear de-
pendence of the Riemann tensor. Therefore, it is necessary to study the quantization of the
free electromagnetic field with the high-dimensional spacetime and its specific application
outside a Gauss-Bonnet black hole.
In this paper we examine free quantum electrodynamics in static spherically symmetric
spacetime of arbitrary dimensions in a modified Feynman gauge [4]. We give all of the
physical modes functions which consummate the results in Ref.[4]. Then we calculate the
response rate (The response rate is a quantum concept with no natural analog in classical
physics though it is possible to define a corresponding classical quantity mathematically and
represents the number of times the source responds to the field per unit time.) of a static
charge outside the d-dimensional Schwarzschild black hole and the d-dimensional GB black
hole in the Unruh vacuum [16]. Limited to four-dimensional Schwarzschild black hole, the
response rate is consistent with the result in Ref.[4].
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The paper is organized as follows. In Sec.II we review basic concepts of the electromag-
netic field in the arbitrary dimensional spacetime of a spherically symmetric black hole in a
modified Feynann gauge. Then we show how the Gupta-Bleuler condition is implemented
to obtain the physical states. Sec.III and Sec.IV devote to calculate the response rate of a
static charge outside a Schwarzschild black hole and a GB black hole of arbitrary-dimensions
respectively. In Sec.V, we summarize the main results. And a brief proof about our solutions
of physical modes are given in Appendix.
II. GUPTA-BLEULER QUANTIZATION IN A MODIFIED FEYNMAN GAUGE
In this section, we follow the notation of Ref.[4] to study the solutions of field equations
for electromagnetic field in an asymptotic flat and static spherically symmetric (p + 2)-
dimensional spacetime. The quantization of electromagnetic field will be carried out in the
frame of Gupta-Bleuler formalism in a modified Feynmann gauge.
The line element under considered takes the form
dτ 2 = f(r)dt2 − h(r)dr2 − r2ds2p (1)
with the line element of a unit p-sphere ds2p. We assume that both f(r) and h(r)
−1 have a
zero at r = rh and positive for r > rh.
The Lagrangian density for electromagnetic field in a modified Feynman gauge is
LF =
√−g[−1
4
FµνF
µν − 1
2
G2], (2)
and G stands for the modified Feynman gauge
G = ∇µAµ +KµAµ. (3)
Here the vector Kµ is independent on electromagnetic field Aµ, and takes the form
Kµ = (0, f ′/(fh), 0, 0). (4)
Under this choice, the gauge condition changes into
G =
1
f
∂tAt −
√
f
h
1
rp
∂r[
rp√
fh
Ar]− 1
r2
∇iAi (5)
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From the Lagrangian density for electromagnetic field, the equations of motion are
−1
f
∂2tAt +
√
f
h
1
rp
∂r
[ rp√
fh
∂rAt
]
+
1
r2
∇2At = 0 (6a)
−1
f
∂2tAr +
1
f
∂r
[√f
h
f
rp
∂r
( rp√
fh
Ar
)]
+
1
r2
∇2Ar + 1
f
∂r
( f
r2
)∇iAi = 0 (6b)
−1
f
∂2tAi +
r2−p√
fh
∂r
(√f
h
rp−2∂rAi
)
− r
2
fh
∂r
( f
r2
)
∂iAr
+
1
r2
[
∇j(∇jAi −∇iAj)+ ∂i(∇jAj)] = 0, (j = 1 · · ·p). (6c)
Here ∇i is the covariant derivative on Sp.
We denote the complete set of solutions of Eq.(6) by A
(λn;ωlm)
µ , and call a non-physical
modes for λ = 0, physical modes for λ = 1, 2, 3, ..., p and a pure-gauge mode for λ = p + 1.
The label n represents modes incoming from the past null infinity (n =←) and coming out
from the past horizon (n =→) .
A. NON-PHYSICAL AND PURE-GAUGE MODES
The non-physical modes is a static electric field solution of Eq.(6) with a gauge condition
G = 0. In such mode all components of Aµ are zero excepting for At [4]A
(0n;ωlm)
t = R
(0n)
ωl (r)Ylme
−iωt (7a)
A(0n;ωlm)µ = 0, (µ 6= t). (7b)
Here Ylm is a scalar spherical harmonic function on the unit p-sphere [18] satisfying
∇2Ylm = −l(l + p− 1)Ylm (8)
where l = 0, 1, 2, ... and m denote a set of p − 1 integers m1, ...mp−1 satisfying l ≥ mp−1 ≥
... ≥ m2 ≥| m1 |. They are normalized as∫
dΩpYlmYl′m′ = δll′δmm′ . (9)
The radius function R
(0n)
ωl (r) is governed by[ω2
f
+
√
f
h
1
rp
d
d r
( rp√
fh
d
d r
)− l(l + p− 1)
r2
]
R
(0n)
ωl (r) = 0. (10)
The pure-gauge mode is given by [4]A
((p+1)n;ωlm)
µ = ∇µΛ(nωlm), (11a)
Λ(nωlm) =
i
ω
R
(0n)
ωl (r)Ylme
−iωt (11b)
which satisfy the field equations Eq.(6) and G = 0. (In Ref.[4], p+ 1 = 3.)
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B. PHYSICAL MODES
For other independent solutions λ = 1, 2, ..., p, which represent physical degrees of free-
dom, the time-component can be taken as zero. They are the linear independent solution
of Eq.(6) with a gauge condition G = 0, and are classified into two types.
1. PHYSICAL MODES I
The “physical modes I” solution can be written as [4]
A
(1n;ωlm)
t = 0 (12a)
A(1n;ωlm)r = R
(1n)
ωl (r)Ylme
−iωt, (l ≥ 1) (12b)
A
(1n;ωlm)
i =
r2−p
l(l + p− 1)
√
f
h
d
d r
[ rp√
fh
R
(1n)
ωl (r)
]
∂iYlme
−iωt (12c)
where i = 1, 2, 3, ..., p, Ylm has been declared in Eq.(8) and R
(1n)
ωl (r) is governed by[ω2
f
− l(l + p− 1)
r2
]
R
(1n)
ωl (r) +
1
r2
d
d r
[√f
h
r2−p
d
d r
( rp√
fh
R
(1n)
ωl (r)
)]
= 0 (13)
2. PHYSICAL MODES II
The solutions of the “physical modes II” A
(sn;ωlm)
µ can be written (s = 2, 3, ..., p){
A
(sn;ωlm)
t = A
(sn;ωlm)
r = A
(sn;ωlm)
i = 0, (1 ≤ i ≤ s− 2) (14a)
A
(sn;ωlm)
i = R
(sn)
ωl Φ
(s;lm)
i (p)e
−iωt, (s− 1 ≤ i ≤ p) (14b)
and [ω2
f
+
1√
fhrp−2
d
d r
(√f
h
rp−2
d
d r
)]
R
(sn)
ωl (r)−
(Lp + 1)(Lp + p− 2)
r2
R
(sn)
ωl (r) = 0 (15)
The functions Φ
(s;lm)
i (p) should satisfy the following equation
∇k(∇kΦ(s;lm)i −∇iΦ(s;lm)k ) = 0 , (1 ≤ i ≤ s− 2) (16a)
∇k(∇kΦ(s;lm)i −∇iΦ(s;lm)k ) = −(Lp + 1)(Lp + p− 2)Φ(s;lm)i , (s− 2 < i ≤ p), (16b)
Lp = L− p− 2
2
, (16c)
where L is an arbitrary number which satisfies the relation (L ≥ l+ p−2
2
). The group number
s “Lp, Lp−1, ..., Lp−s+3” we constructed make the function Φ
(s;lm) meet the completeness
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conditions. For ’Physical Modes II’, the super index (lm) in A(sn,ωlm), Φ(s;lm) and R
(sn)
ωl
stands for a set of quantities
(Lp, · · · , Lp−s+3, l, mp−s+1, · · · , m1),
and the last (p− s+ 2) parameters (l, mi) are integers.
The solutions of Eq.(16b) are
Φ
(s;lm)
i (p) = 0 , (1 ≤ i ≤ s− 2) (17a)
Φ
(s;lm)
i (p) = F
s(θ)Y˜i
(lm)
(N = p− s+ 2) , (s− 2 < i ≤ p) (17b)
F s(θ) =
p∏
j=p+3−s
sin
4−j
2 (θp−j+1)P
Lj−1+
j−2
2
Lj+
j−2
2
(cos θp−j+1) (17c)
Here Pba(θ) is the associated Legendre function and Y˜i
(lm)
(N) are the divergence-free vector
spherical harmonics on the unit N -sphere satisfying
∇˜k(∇˜kY˜i(lm)(N)− ∇˜iY˜k(lm)(N)) = −(LN + 1)(LN +N − 2)Y˜i(lm)(N) (18)
with the notation ∇˜i as the associated covariant derivative on SN . The solutions of Eq.(18)
are 
Y˜
(lm)
p−N+1(N) = H(θ)Ylm(θp−N+2, ..., θp); (19a)
Y˜i
(lm)
(N) =
sin2(θp−N+1)
l(l +N − 2)∂iYlm(θp−N+2, ..., θp)
×(∂θp−N+1 + (N − 1) cot (θp−N+1))H(θ); (p−N + 1 < i ≤ p) (19b)
H(θ) = sin (θp−N+1)
−N
2 P
l+N−2
2
LN+
N−2
2
(cos θp−N+1) (19c)
Here Ylm(θp−N+2, ..., θp) is a scalar spherical harmonic on the unit (N-1)-sphere. The proof
will be given in Appendix A.
It is clear that the number of ”physical modes II” is (p − 1), which (including physical
modes I)is equivalent with the degree of the p-sphere. In the Ref.[4], the physical modes II
has been studied, but there is only one solution, which is equal to the Eq.(14) with s = 2.
Thus the solutions Eq.(14) with 3 ≤ s ≤ p are new and necessary for the completeness of
solution.
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C. QUANTIZATION
Using Gupta-Bleuler quantization, we impose the equal-time commutation relations on
the field Aˆµ and momentum Πˆ
tµ operators
[Aˆµ(t,x), Aˆν(t,x
′)] = [Πˆtµ(t,x), Πˆtν(t,x′)] = 0 (20)
[Aˆµ(t,x), Πˆ
tν(t,x′)] =
iδνµ√−g δ
p+1(x− x′) (21)
where x and x′ represent all spatial coordinates. The field Aˆµ can be expressed in terms of
A
(ξ)
µ
Aˆµ(t,x) =
∑
ρ
∫ +∞
−∞
dω√
4pi|ω|A
(ωρ)
µ (t,x)aωρ, (22)
where A
(−ωρ)
µ ≡ A(ωρ)µ , a−ωρ ≡ a†ωρ and ρ labels all quantum numbers.
III. RESPONSE RATE OF A STATIC CHARGE OUTSIDE A D-DIMENSIONAL
SCHWARZSCHILD BLACK HOLE
In this section, we will calculate the response rate of a static charge outside a d-
dimensional (d = p + 2) Schwarzschild black hole by following the procedure of Ref.[4].
In this case, the black hole is characterized by f(r) = h(r)−1 = 1− (rh/r)(p−1).
In order to avoid the indefinite results ([22],[23]), we use the formula suggested by Crispino
et al. [17] and assume the static charge located at (r0, θ0) with a current density j
µ
jµ = (jt, jr, 0, ..., 0) (23a)
jt =
√
2q cosEt√−g δ(r − r0)δ(θ1 − θ10) · ... · δ(θp − θp0) (23b)
jr =
√
2qE sinEt√−g Θ(r − r0)δ(θ1 − θ10) · ... · δ(θp − θp0) (23c)
The step function Θ(x) is defined by Θ(x) = 1, (x > 0) and vanishing for x ≤ 0. We take
the limit E → 0 in the end, assuming that the rate is continuous at E = 0.
Such current interacts with vector potential Aµ through the Lagrangian
√−gjµAµ. Since
a
((p+1)n)†
ωlm |phys > is non-physical states, which excludes the interaction with the pure-gauge
particles created by a
((p+1)n)†
ωlm . We will neglect it. However, the current does interact with the
states created by a
(0n)†
ωlm but the contribution to physical probabilities maybe taken as zero
once the non-physical modes are appropriately chosen. Furthermore, there is no interacting
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term between the current and physical modes II due to At = Ar = 0. Therefore, we only
need to consider the physical modes I. To make the counting process more concise, we will
limit in the spherical coulomb gauge. The mode function can be written as [4]
A1
′n;ωlm
t =
iωr2−p
l(l + p− 1)
√
f
h
d
d r
(
rp√
fh
R1nωl )Ylme
−iωt (24)
A1
′n;ωlm
r =
ω2r2
l(l + p− 1)
1
f
R1nωlYlme
−iωt. (25)
In the limit E → 0, the proper response rate of the charge can be written [4]
R0lm√
f(r0)
= 4pi lim
E→0
|T →Elm|2√
f(r0)βE
(26)
where T →Elm is the index n =→ in transition amplitude T nωlm which has the form
T nωlm ≡
1
2piδ(ω − E)
∫
d p+2x
√−gjµ〈1n;ωlm|Aˆµ|0〉 (27)
Now, we return to calculate T →Elm. The Eq.(13) can be written
1
r2
d
d r
[fr2−p
d
d r
(rpR
(1→)
ωl (r))]−
l(l + p− 1)
r2
R
(1→)
ωl (r) +
ω2
f
R
(1→)
ωl (r) = 0. (28)
After introducing the Wheeler tortoise coordinate and a function ϕ
R
(1→)
ωl (r) ≡
√
l(l + p− 1)
ω
r−
p
2
−1ϕ
(1→)
ωl (r), (29)
the Eq.(28) changes into
(ω2 +
d 2
d r∗2
− V1(r∗))ϕ(1→)ωl (r) = 0 (30)
with
V1[r
∗(r)] = f
l(l + p− 1)
r2
+ f 2
p(p− 2)
4r2
− f ′f (p− 2)
2r
(31)
For the small ω and the condition (r− rh ≪ ω2r3h, |ωr∗| ≪ 1), the wave coming from the
past horizon H− is almost completely reflected back by the potential toward the horizon
ϕ
(1→)
ωl ≈ −2ωr∗ + const (32)
Generally, it is hard to find the analytic expression for the Wheeler tortoise coordinate
r∗. Fortunately, what we need is just the behavior of r∗ near horizon. Substituting the
expression of f(r), the leading term of the Wheeler tortoise coordinate can be written
r∗ ≈ rh
p− 1 ln (z − 1), (z ∼ 1) (33)
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by using the transition
z = 2(
r
rh
)p−1 − 1 (34)
Thus, the boundary condition of R
(1→)
ωl reads
R
(1→)
ωl ≈ −
2
√
l(l + p− 1)
p− 1 2
1
p−1M−
p
2(p−1) ln (z − 1), (r − rh ≪ ω2r3h, |ωr∗| ≪ 1), (35)
which is independent on ω. In terms of variable z, the Eq.(28) can be written as
(z2 − 1) d
2R
(1→)
ωl
d z2
+ 2
[
p
p− 1(z − 1) + 1
]
dR
(1→)
ωl
d z
− 1
(p− 1)2
[
l(l + p− 1)
−2p(p− 2)
z + 1
− p− ω2 z + 1
z − 1(M(z + 1))
2
p−1
]
R
(1→)
ωl = 0. (36)
This equation can not be analytically solved, but the boundary condition implies that the
main contribution is from the ω-independent term. Combining the asymptotic behavior
R
(1→)
ωl → 0 as z → +∞, we find the solution of Eq.(36) in small ω limit
R
(1→)
ωl =
2
√
l(l + p− 1)
p− 1 2
1
p−1M
− p
2(p−1)F([
l
p− 1 ,
l
p− 1+2], [
2l
p− 1+2],
2
z + 1
)(z+1)
−l−p
p−1 (37)
where F(α, β, γ, x) is the hypergeometric function and the coefficient has been appropriately
chosen to agreement with the boundary condition Eq.(35).
From gauge invariance we can see that it is convenient to calculate the amplitude Eq.(27)
in the spherical Coulomb gauge. Then the contribution from the r-component will be sup-
pressed in the low energy limit due to extra factors of ω. So we only need to consider the
t-component in this limit. By using the definition of Eq.(26), we can get
R0lm√
f(r0)
=
2
2−p
p−1 (p− 1)q2
Mpil(l + p− 1)√f(r0)(z0 − 1z0 + 1)2[ dd z0 (Fl(z0)(z0 + 1) −lp−1 )]2|Ylm|2 (38)
Substituting the all parameters for d-dimensional black hole
z0 =
rp−10
M
− 1 (39)
f(r0) = 1− 2M
rp−10
(40)
Fl(z0) = F([
l
p− 1 ,
l
p− 1 + 2], [
2l
p− 1 + 2],
2
z0 + 1
) (41)
the total transition probability per proper time of the charge is given by
Rtot =
∑
l
l∑
m=−1
R0lm√
f(r0)
=
∑
l
2
2−p
p−1 (p− 1)q2
Mpil(l + p− 1)√f(r0)(z0 − 1z0 + 1)2[ dd z0 (Fl(z0)(z0 + 1) −lp−1 )]2G(l)Ωp (42)
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in which the following formula has been used [24]
l∑
m=−1
|Ylm|2 = G(l)
Ωp
(43)
where Ωp is the volume of S
p and G(l) is the degeneracy of the eigenvalue −l(l + p− 2) of
the Laplacian ∆˜, which is given by
G(l) =
(2l + p− 1)(l + p− 2)!
l!(p− 1)! . (44)
When the dimension reduced to four (p = 2), Eq.(37) can be written
R
(1→)
ωl =
4
M
√
l(l + 1)F([l, l + 2], [2l + 2],
2
z + 1
)(z + 1)−l−2, (45)
and Eq.(42) will reduce to a Legendre function of the second kind, which recovers the result
in [4] .
IV. RESPONSE RATE OF A STATIC CHARGE OUTSIDE A D-DIMENSIONAL
GAUSS-BONNET GRAVITY BLACK HOLE
The action of pure GB can be written as
S =
∫
d p+2x
√−gαL2 (46)
where the coupling constant α can be regarded as the inverse of string tension and be
assumed α > 0 in this paper. The Gauss-Bonnet term is given by
L2 = R2 − 4RabRab +RabcdRabcd. (47)
The line element for the exterior region of the d-dimensional Gauss-Bonnet gravity is
given by
d s2 = f(r) d t2 − f(r)−1 d r2 − r2 d s2p (48)
The f(r) in the d-dimensional GB gravity is
f(r) = 1−
√
2M
αrd−5
≡ 1− B
r
d−5
2
, (49)
The horizon radius rh = (
2M
α
)
1
d−5 = B
2
d−5 .
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By using the same assumption and conclusion Eq.(23) to Eq.(32), we can continue to
compute the response rate of the static electric charge interacting with photons of Hawking
radiation in the Unruh vacuum.
We consider the behavior of r∗ near horizon, the leading term of the Wheeler tortoise
coordinate can be written
r∗ ≈ 2
p− 3(
2M
α
)
1
p−3 ln (z − 1) (50)
by using the transition
z =
2
B
r
p−3
2 − 1. (51)
The boundary condition of R
(1→)
ωl reads
R
(1→)
ωl ≈ −
√
l(l + p− 1)
p− 3 2
3p−4
p−3 B−
p
p−3 ln (z − 1), (r − rH ≪ ω2r3H , |ωr∗| ≪ 1) (52)
In terms of variable z, Eq.(28) can be written
1
4
(z2 − 1) d
2q(z)
d z2
+
1
4
[
3p− 1
p− 3 (z − 1) + 2]
d q(z)
d z
+
1
(p− 3)2 [−l(l + p− 1) +
p(p− 5)
z + 1
+ p+ ω2
z + 1
z − 1(
B
2
(z + 1))
4
p−3 ]q(z) = 0 (53)
and this equation can be solved explicitly for small ω limit. Combining the asymptotic
behavior R
(1→)
ωl → 0 as z → +∞, the solution of Eq.(53) is
R
(1→)
ωl =
√
l(l + p− 1)
p− 3 2
3p−4
p−3 B−
p
p−3F([
2l
p− 3 ,
−2l − 2p+ 2
p− 3 ], [
−2p + 2
p− 3 ],
z + 1
2
)(z + 1)−
2p
p−3
(54)
where the coefficient has been appropriately chosen to agreement with the boundary condi-
tion Eq.(52).
Thus, the expression of the proper response rate of the charge is
R0lm√
f(r0)
=
(p− 3)q2(z0 + 1)−
2p+2
p−3 B
2−2p
p−3 2
6
p−3
pil(l + p− 1)√f(r0) (z0 − 1z0 + 1)2[ dd z0Fl(z0)]2|Ylm|2 (55)
Substituting the all parameters for d-dimensional GB black hole
z0 =
2
B
r
p−3
2
0 − 1 (56)
f(r0) = 1− B
r
d−5
2
0
(57)
Fl(z0) = F([
2l
p− 3 ,
−2l − 2p+ 2
p− 3 ], [
−2p + 2
p− 3 ],
z + 1
2
) (58)
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the total transition probability per proper time of the charge is given by
Rtot =
+∞∑
l
l∑
m=−1
R0lm√
f(r0)
=
+∞∑
l
(p− 3)q2(z0 + 1)−
2p+2
p−3 B
2−2p
p−3 2
6
p−3
pil(l + p− 1)√f(r0) (z0 − 1z0 + 1)2[ dd z0Fl(z0)]2G(l)Ωp (59)
We can give the main contribution of the result of Eq.(42) and Eq.(59),
Rtot ∼ (rh
r0
)p−3
, (Schwarzschild) (60)
Rtot ∼ (rh
r0
) 3p−1
2 . (GB) (61)
For the case of d ≥ 5, assuming that there is a charge outside an unknown black hole, the
radius of the horizon (rh), the mass of the black hole (M) and the location of the charge
(r0) are known. Meanwhile, we can measure the response rate of the charge outside this
unknown black hole. Compare the measured value with Eq.(60) and Eq.(61), then we can
tell the black hole is the Schwarzschild type or the GB type.
V. CONCLUSIONS
In this paper we quantized the free electrodynamics in static spherically symmetric space-
time of arbitrary dimensions in a modified Feynman gauge. Then we examined the Gupta-
Bleuler quantization in this modified Feynman gauge. The results obtained were applied to
compute the total response rate of a static charge outside the d-dimensional Schwarzschild
black hole and the d-dimensional GB black hole in the Unruh vacuum.
For the Einstein-Gauss-Bonnet gravity one can follow the same procedure. The Wheeler
tortoise coordinate r∗ has a asymptotic behavior r∗ ≈ f ′(rh)−1 ln(r − rh) as near horizon.
The boundary condition Eq.(32) changes into ϕ
(1→)
ωl ≈ −2ω/f ′(rh) ln (r − rh). One problem
is that we do not find a new variable to simplify the Eq.(28) and its analytic solution. An
applicable way is to find a series solution of Eq.(28), the results can not be expressed in
terms of familiar special functions and we neglect it here.
Such an outcome is not only a simple promotion work for what Crispino et al. [4] have
done. Having the specific form of the free quantum electrodynamics in static spherically
symmetric spacetime of arbitrary dimensions, It may provide us a chance for further in-
vestigating quantum field theory in high-dimensional curved spacetime. For instance, some
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authors ([17], [25], [26]) have researched whether or not a quantum version of the equiva-
lence principle could be formulated and show some equivalence for low-frequency quantum
phenomena in flat and curved spacetime. The same problem could be reconsidered in high-
dimensional spacetime and discuss the dimension dependence of the results.
Appendix A: THE VERIFICATION OF PHYSICAL MODES II
For concise sake, we use Φ
(p)
µ to denote Φ
(s;lm)
µ (p), and letΦ
(p)
1 = 0 (A1a)
Φ
(p)
i = sin
4−p
2 (θ1)P
Lp−1+
p−2
2
Lp+
p−2
2
(cos θ1)Φ
(p−1)
i , (2 ≤ i ≤ p). (A1b)
In order to verify that Φ
(p)
µ satisfy the relations Eq.(16), we need to give the following relation

∇(p)µ∇(p)µ Φ(p)1 =
1
sin2 θ1
∇(p−1)k∇(p−1)k Φ(p)1 + ∂21Φ(p)1 + (p− 1) cot θ1∂1Φ(p)1
−(p− 1) cot2 θ1Φ(p)1 − 2 cot θ1∇(p−1)k Φ(p)k (A2a)
∇(p)µ∇(p)µ Φ(p)i =
1
sin2 θ1
∇(p−1)k∇(p−1)k Φ(p)i + (p− 3) cot θ1∂1Φ(p)i + 2 cot θ1∂iΦ(p)1
+
Φ
(p)
i
sin2 θ1
− (p− 1) cot2 θ1Φ(p)i , (2 ≤ i ≤ p) (A2b)
∇(p)µ∇(p)i Φ(p)µ = ∂1(∇(p−1)k Φ(p)k) + ∂21Φ(p)1 − (p− 1) cot2 θ1Φ(p)1
+(p− 1) cot θ1∂1Φ(p)1 (A3a)
∇(p)µ∇(p)i Φ(p)µ = ∇(p−1)k ∇(p−1)i Φ(p)k + ∂i∂1Φ(p)1 + (p− 1) cot θ1∂iΦ(p)1
+(1− (p− 2) cot2 θ1)Φ(p)i , (2 ≤ i ≤ p) (A3b)
From Eq.(A2a) and Eq.(A3a), we can easily get
∇(p)µ(∇(p)µ Φ(p)1 −∇(p)1 Φ(p)µ ) = 0 (A4)
Next, we assume
∇(p)µ(∇(p)µ Φ(p)i −∇(p)i Φ(p)µ ) = N (Lp, p)Φ(p)i . (A5)
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Substituting Eq.(A1), Eq.(A2b) and Eq.(A3b) into Eq.(A5), we find
∇(p)µ(∇(p)µ Φ(p)i −∇(p)i Φ(p)µ )
= sin
4−p
2 (θ1)
{
Φ
(p−1)
i
[
∂21 + cot θ1∂1 +
(
(p− 2)(p− 4)
4
− 1
sin2 θ1
(
p− 4
2
)2
)]
+
1
sin2 θ1
[
∇(p−1)k
(
∇(p−1)k Φ(p−1)i −∇(p−1)i Φ(p−1)k
)]}
P
Lp−1+
p−2
2
Lp+
p−2
2
(cos θ1)
= N (Lp, p) sin
4−p
2 (θ1)P
Lp−1+
p−2
2
Lp+
p−2
2
(cos θ1)Φ
(p−1)
i . (A6)
Since Pba is the associated Legendre function, satisfying[
∂21 + cot θ1∂1 + (a)(a+ 1)−
b2
sin2 θ1
]
Pba(cos θ1) = 0, (A7)
the Eq.(A6) reduces into
N (Lp, p) = −(Lp + 1)(Lp + p− 2) (A8)
∇(p−1)k(∇(p−1)k Φ(p−1)i −∇(p−1)i Φ(p−1)k ) = −(Lp−1 + 1)(Lp−1 + p− 3)Φ(p−1)i (A9)
In fact, the Eq.(A4) can be considered as a special case of Eq.(A5), and Eq.(A9) has the
similar form as Eq.(A5). Remember that we do not assume Φ
(p−1)
i 6= 0, one can repeat the
same procedure to show that if Φ
(p)
µ takes the form
Φ
(p)
i = 0, (1 ≤ i ≤ s− 2) (A10a)
Φ
(p)
i = sin
4−p
2 (θ1)P
Lp−1+
p−2
2
Lp+
p−2
2
(cos θ1)Φ
(p−1)
i , (s− 2 < i ≤ p) (A10b)
... (A10c)
Φ
(j)
i = sin
4−j
2 (θp−j+1)P
Lj−1+
j−2
2
Lj+
j−2
2
(cos θp−j+1)Φ
(j−1)
i , (p− s+ 3 ≤ j ≤ p), (A10d)
they will satisfy{∇k(∇kΦ(s;lm)i −∇iΦ(s;lm)k ) = 0 , (1 ≤ i ≤ s− 2) (A11a)
∇(j)k(∇(j)k Φ(j)i −∇(j)i Φ(j)k ) = −(Lj + 1)(Lj + j − 2)Φ(j)i , (s− 2 < i ≤ p) (A11b)
Thirdly, we need to prove a set of functions Φ
(N)
i = Y˜i
(lm)
(N), (N = p− s+ 2)
Φ
(N)
p−N+1 = H(θ)Ylm(θp−N+2, ..., θp); (A12a)
Φ
(N)
i =
sin2(θp−N+1)
l(l +N − 2)∂iYlm(θp−N+2, ..., θp)
×(∂θp−N+1 + (N − 1) cot (θp−N+1))H(θ); (p−N + 1 < i ≤ p) (A12b)
H(θ) = sin (θp−N+1)
−N
2 P
l+N−2
2
LN+
N−2
2
(cos θp−N+1) (A12c)
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satisfying Eq.(A11b). Applying the definition Eq.(A12a) into following equation ( replacing
p by N in Eq.(A2) and Eq.(A3) )
∇(N)k(∇(N)k Φ(N)s−1 −∇(N)s−1Φ(N)k ) =
1
sin2 θs−1
[∇(N−1)k∇(N−1)k + (N − 1)]Φ(N)s−1
+[∂2s−1 + (N + 1) cot θs−1∂s−1 − 2(N − 1)]Φ(N)s−1 (A13)
and using the relation for scalar spherical harmonic function
∇(N−1)k∇(N−1)k Y (N−1)lm = −l(l +N − 2)Y (N−1)lm , (A14)
one can arrive at
∇(N)k(∇(N)k Φ(N)s−1 −∇(N)s−1Φ(N)k ) = −(LN + 1)(LN +N − 2)Φ(N)s−1, (A15)
which completes the proof of Eq.(A11b) with i = s − 1. For other Φ(N)i , (s − 1 < i ≤ p),
the proof is almost same and neglected.
In addition, the Eq.(14) need to be satisfied the gauge condition G = 0 . Since we have
At = Ar = 0, the gauge condition becomes into
∇iAi = 0. (A16)
One can easily show this equation valid by using the definition of A
(p)
i and Φ
(p)
i .
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